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Abstract:

The paper studies the compliance of the CZK — EUR exchange rate with the uncovered
parity of returns on assets denominated in the two named currencies. A comparison with
the same property for the euro-dollar rate is made. An uncovered total return parity (UTRP)
formula is derived from the equilibrium in a portfolio optimization model with liquidity con-
straints. It is shown that the uncovered parity of total returns, and not of short-term money
market rates, is a natural outcome of stochastic equilibrium asset pricing models that ge-
neralize the International Consumption-based Capital Asset Pricing Model. Accordingly, the
traditional uncovered interest rate parity should be replaced by UTRP in empirical analy-
sis. UTRP tests for the CZK/EUR and the USD/EMU currency pairs are conducted using
yields of long-term government bond yields. UTRP typically holds, although the time hori-
zons and measures of exchange rate movements, for which it becomes visible, may vary.
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1. Introduction

The present paper investigates the abidance of the CZK by the theoretically and
empirically controversial rule of the uncovered parity of national interest rate levels.
In doing so, it seeks to remove a long-lived misunderstanding, which erroneously
associates the textbook uncovered interest rate parity (UIP) property of the expec-
ted exchange rate with differences in short term money market interest rates across
countries. Empirical finance literature has by now almost completed deconstructing
the said “money market” UIP. Particularly, in a transitive economy where applicabili-
ty of most international macroeconomic shortcuts must be scrutinized anew, a me-
chanical implementation of the theoretically and econometrically flawed standard
UIP concept is unable to provide useful insights. | am proposing a micro foundation
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of the “right” exchange rate parity based on portfolio optimization under uncertainty
in continuous time under convex transaction costs. | suggest a replacement of UIP
by the total return parity of long-lived assets, to be used in both abstract reasoning
and empirical work. The uncovered total return parity equation is applied to the CZK/
DEM and /EUR exchange rates. For comparison, the same exercise is conducted
for the USD/DEM and USD/EUR rates.

In its most general form, the model yields the Generalized Uncovered Total Re-
turn Parity (GUTRP) condition, related to the continuous time Consumption-based
Capital Asset Pricing Model (CCAPM, see Duffie and Zame, 1989). | expose it to a
test associated with the so-called Siegel’s paradox (see Siegel, 1972). As it is well
known, the latter discloses the inability of the uncovered interest rate parity to ser-
ve as an estimate for the future spot exchange rate due to the Jensen inequality
effect. Siegel’s observation about the asymmetry in the naive no-arbitrage argument
leading to UIP indicates that there exists no genuine theoretical support for the pre-
sumed ability of interest rate differentials to predict future exchange rates.

Empirical evidence on the forward premia on practically every freely floating
currency shows that the forward exchange rate is a severely biased estimate of the
future spot exchange rate. Transitive economies, including the CR, are no excepti-
on (Figure 1 illustrates the latter case). The UIP hypothesis, a building block of al-
most every international macroeconomic model since Fleming and Mundell, was
rejected in the studies covering the 1970s (Meese and Rogoff, 1983), the 1980s
(Froot and Thaler, 1990), and the first half of the 1990s (Engel, 1996). Accordingly,
since the covered interest rate parity (the equality of the international interest rate
differentials and the corresponding forward exchange rates) is always satisfied for
trivial deterministic arbitrage reasons, one arrives at the systematic failure of inte-
rest rate differentials to predict the spot rate correctly. McCallum (1994) summari-
zes this experience by noting that the sign of the coefficient in the regression of the

Figure 1
Czech and German Interbank Interest Rates and the CZK/DEM Exchange Rate
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b) Six Month Interest Rates and Exchange Rate Changes
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ex post exchange rate change on the interest rate differential is more often negati-
ve.)

The mentioned literature suggests that the worst results are generated by short
money market rates, whereas the models that were able to improve on the original
UlIP-failure, were using other asset return measures. Specifically, the results impro-
ved along with the used instrument maturity. But, with long maturities, the choice of
the instrument and the rate to be used becomes non-trivial. In this respect, deposit
rates perform worst. On the other hand, no alternative long-horizon instruments have
zero-coupon property, forcing one to replace the standard interest rate with the to-
tal return rate. Therefore, attempts are known to construct artificial measures of both
return and time horizon in the UIP test, such as duration in place of maturity (see
Alexius, 1998) or rates of return implied by the synthesized yield curve (see Mere-
dith and Chinn, 1998). In these cases, estimation results give the “right” signs and
sometimes do not reject the uncovered parity as such. The said ad hoc transition
from interest rates to the rates of return leads to the same generalized uncovered
return parity condition as | derive below on theoretical grounds.? Recently, there
have appeared empirical papers that address the uncovered exchange rate parity
for the long term bond yields directly (see e.g. Nadal-de-Simone and Razzak, 1999,
or Berk and Knot, 2001).

In view of the above mentioned, the natural working hypothesis is that the unco-
vered parity is a property of properly defined returns on a particular pair of financial

1) In his own model, McCallum explains the “wrong” sign in this regression by the role of interest rates
in the monetary policy reaction function.

2) The majority of traditional open macroeconomy models, including the Mundell-Fleming one, tacitly
lean upon the parity between the return differential and the exchange rate change, even if it is formally
called interest rate parity. Indeed, as soon as one aggregates the domestic investment possibilities in one
composite asset and the foreign — in another, the two parameters which carry the name of interest rate
become, actually, the total return rates on the resulting perpetuities. Therefore, they shall not be confused
with the money market rates, whose highly specific role is usually played down in the textbook analysis.
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instruments. In this paper, this hypothesis is verified by means of a micro-theoreti-
cally founded statement about the conditionally expected difference of total returns
on any pair of comparable assets, paid out in two different currencies. This genera-
lized uncovered total return parity condition is both free of the Jensen inequality ef-
fect and fares better empirically than the textbook UIP.

The paper is structured as follows. Section 2 outlines the intuition behind the
uncovered parity of total returns with the help of a two-country, two-asset consump-
tion and investment monetary model in discrete time, and discusses the properties
of individual optimization that make Siegel’s paradox irrelevant. Section 3 is dedi-
cated to the stochastic portfolio optimization model in continuous time underlying
GUTRP, its solution and formulae for the equilibrium asset prices, generalizing the
traditional international CCAPM. | state the GUTRP equation for the stochastic log-
exchange rate differential. Section 4 deals with the financial instruments and data
used in empirical verification of GUTRP and reports on the confrontation of GUTRP
with the CZK vs. the European Monetary Union (EMU) exchange rates as well as
the USD vs. EMU rates. It also provides results of some elementary tests of UTRP.

2. Asset Return Parity in a Discrete Time Optimi-
zation Model

The first intuitive idea about the right formulation of the uncovered parity for the
nominal exchange rate can be gained from a discrete time monetary optimizing
model of a two-country world, with the models of Lucas (1982) and Obstfeld and
Rogoff (1983), as the main prototypes.®

Let the period utility of the domestic agent be a function of real money balances
I = m/p and consumption rates: u = u(/,c,c*), with the usual growth and concavity
properties of Sidrauski‘s (1967) model. Here, ¢ and c* are the consumption rates of
domestic and the foreign good, p be the domestic price level and m denotes the
private domestic nominal money holdings.

The agent can invest in an aggregate domestic asset paying nominal cash divi-
dend d; and an aggregate foreign asset paying nominal dividend expressed in fo-
reign cash, d7 (both at date t). The secondary market prices of the assets at date ¢
are P;and P73, respectively. S; will denote the nominal price of foreign cash in do-
mestic terms (nominal exchange rate) prevailing at date . The agents are price ta-
kers in all markets. | define the current date t + 1 yields on the domestic asset, the
foreign asset in foreign cash and the foreign asset in domestic cash by

d,+F-F, * d*+P*_P'—1 i 2S5
= , = —— 1+y, ={+
t ,31‘71 yf I3r1 yt ( yt)st,‘]

Let u,(t) denote the partial derivative of the period utility with respect to argument

t+1
z(z=1, ¢, ¢* calculated for the period t arguments. Further, let R,,, = ;’BUZ((S)
t+1 c

be the time treal price of one consumption unit at time f+1 (the inverse of the real
domestic rate of return), and denote by E, the expectation conditioned on the gene-
rally available information on date t.

In equilibrium, the solution of the agent’s optimal consumption and investment
problem in the spirit of discrete time CCAPM (cf. Breeden, 1979, or Ross, 1976),

3) Details of the model and its solution are available from the author on request.
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implies the validity of the “international CCAPM”, regardless of the specific form of
utility, supply side or statistical properties of uncertainty:

S+ * COVr LVM - yrﬂ ’ Rt+1J
St,1 1+ ,J}f ,_ul) (1)

u, 1

The deterministic variant of the model yields a simplified version of (1):

Et[1+yt+1]= Et|:

S .
Y=gt @

Both (1) and (2) indicate that the right measure of interest on financial instru-
ments traded on the secondary market, governing the exchange rate change in the
parity formula, is the fotal return on these instruments.

The covariance term in (1) is difficult to analyze without knowing a closed-form
solution for the optimization problem. However, the uncovered parity relation implied
by (1) can serve as a heuristic hint as to what is wrong with the traditional formula-
tions of UIP. Namely, (1) and (2) predict an uncovered parity between total returns/
current yields of specific pairs of assets, not between interest rates on the inter-bank
market. Moreover, equation (1) and its continuous time analogues discussed in the
next section, admit a non-zero country risk premium and a difference in total returns
between two countries. The model also sheds light on the nature of the national
asymmetry phenomenon leading to Siegel’s paradox.

Recall that Siegel (1972) observed that UIP, applied without a narrower qualifi-
cation of instruments and rates of return in a naive non-arbitrage way, cannot be
valid simultaneously for international and domestic investors. Indeed, UIP amounts
to the claim that from the domestic and the foreign investor perspective, respective-
ly, the interest rates at home, J, and abroad, i*, between times t-1 and ¢ satisfy the

relations
144, S, | E.IS] 1+i S, 1
t=F | St |= et t—fF |St11=8 F —

1+ ”{S,_J S., "1+, “|'s | T+, (3)

(It is assumed that the information structure of the internationally integrated fo-
rex market is the same for the residents of all countries.) Then the two parity con-

ditions together imply the equality E,{;} = %LS]
t -1~

ment is perfectly deterministic, the left-hand side of the latter must be strictly greater

. However, unless the environ-

1
than the right-hand side, as follows from Jensen’s inequality (function XH; is

strictly convex; sometimes, Siegel’s paradox is referred to directly as the Jensen
inequality effect in the expected exchange rates). Therefore, the discussed general
form of the uncovered interest rate parity cannot hold simultaneously for investors
living at home and abroad.

The naive no-arbitrage formula (3) does not just suffer from the Jensen inequa-
lity effect. As such, it is incompatible with the two-country optimizing model, if the
latter is extended to include nominal one-period domestic and foreign bills with ra-
tes of return i and i*. Indeed, suppose that these nominal interest rates are exoge-
nous (e.g. determined by the monetary authority). It is necessary to specify whe-
ther the access to these bills is restricted or not. If yes, the bill holdings cannot be
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part of an internal solution to the optimization problem: they are optimally set at the
minimal allowed negative level if the interest rate is low and at the maximal allowed
positive level if it is high. According to the Kuhn-Tucker theorem, the parity for i and
i* must include non-zero Lagrange multipliers of the corresponding tight quantity
constrains, making it different from (3).

If the access to bills is subject to a non-linear restriction (e.g. an endogenous
subscription fee or a transaction cost with a non-linear dependence on the acqui-
red/issued quantity), then the internal solution for the investment problem exists, but
renders a parity condition different from (3). Subscription prices would lead to a for-
mula analogous to (1), while the transaction cost approach (which is taken in the
next section) leads to conventional supply and demand schedules for any security
including the nominal bill. The latter approach gives rise to the generalized total
return parity, which is free of Siegel’s paradox.

For a more profound analysis of the total return parity it is convenient to resort
to a continuous time portfolio optimization model, which offers a number of techni-
cal advantages in the treatment of uncertainty. In particular, the dynamics of asset
prices can be calculated with the help of 1t6’s lemma.

3. Generalized Total Return Parity in the Shadow
Asset Pricing Model

This section introduces a dynamic stochastic model of international investment
and consumption in continuous time, with domestic and foreign liquidity arguments
in the utility function in the role of liquidity constraints. The model is solved by me-
ans of a stochastic maximum principle including the adjoint equations. (The techni-
que, pioneered in Bismut, 1976, and Hausmann, 1981, was further developed in
Peng, 1990, and applied to the portfolio problem by Cadenillas and Karatzas, 1995.
The present paper uses the approach of Derviz, 1999.) Supplies and demands for
securities are derived in terms of their shadow prices (co-state processes of the
optimization problems of the agents). The diffusion dynamics of the shadow price
processes are given in terms of utilities, asset returns and their growth/attrition ra-
tes. The obtained differential equations for the shadow prices lead to It6 equations
for the equilibrium asset prices, including the exchange rate. For the assets traded
on a perfectly internationally integrated, highly liquid and nearly frictionless market,
the GUTRP formula we obtain becomes very close to the uncovered parity state-
ment suggested in Section 2 above.

3.1 Continuous Time Two-country Consumption, Investment, and Asset
Pricing

The agents in the economy are identical households consuming a homogenous
domestic consumption good C? and a homogenous foreign consumption good C'
(consumption rates are ¢? and ¢/). The households hold domestic cash and sight
deposits M (real balances) in the amount x?, international cash and sight deposits /
in the amount x/, aggregate domestic asset D (number of shares x9), and aggregate
foreign asset F (number of shares x'). The agent’s vector of state variables is
x = [x°,x,x9x"1". The M-price of D is denoted by P4, the I-price of F— by P". Symbol
M can be traded against C% [ and D, while foreign goods and assets must be first
exchanged for M before they can be transmitted to investment or consumption at
home. Symbol /is understood as a synthetic international security aggregating tho-
se currencies which are held by the agents in the accounts at domestic banks. The-
refore, the nominal exchange rate S means the price in nominal domestic terms of
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this currency basket. Accordingly, Q = S/P (the “real exchange rate”) is the price of
this very basket in terms of real domestic balances M, P being the current domestic
price level.

There is a stochastic instantaneous rate of return dn® on M (meaning the nomi-
nal rate of return on the sight deposit component of M less the inflation rate), and
the M-dividend rate dI'¥ on D. Foreign liquidity / grows at rate dr'’. Asset D has the
internal deterioration rate dr. (One can think of a random default rate, stock diluti-
on, etc. Naturally, for some securities comprising D, such as government bonds, this
rate is zero.) International asset fe F has the I-dividend dy"and the internal deteri-
oration rate dn’. Cumulative growth and dividend variables n°, «/, T'?, ¥/, né and = are
I1t6 processes that generate the uncertainty structure of the model. Let drn®= u°adt +
6°dZ, dn'= Wdt + 6'dZ, dn?= pddt + 6%z, dn'= Wdt + 6'dZ, di'¥= A%t + €9dZ, dy'=
d'dt + e’dZ. The diffusion terms are spanned by a d-dimensional vector Z of stan-
dard mutually independent Brownian motions, generating the filtration F = (F)te g*
satisfying “the usual conditions”. F; is the time-t publicly available information. All the
processes appearing in the sequel are Markov diffusions with basis Z

The agent chooses the decision path t+ /, = [c,dc,’(p’t(pj’q)j]r where the last

three components are formed by foreign currency purchase (sale if negative) rate
¢', rate of D-purchases/sales ¢? and rate of F-purchases/sales ¢

Let ¥= x°+ Qx' be the total amount of domestic and foreign liquidity held by the
agent. The transaction costs in the asset markets are defined as follows. For ¢’ > 0,
the amount @°= j(x,Q¢’) is subtracted from the M-account in exchange for ¢’ pur-
chased units of / (¢° > Qo). For ¢’ < 0, -¢°= -j(x,Q¢')>0 is the increment in the M-
account in exchange for -¢’ sold units of / (-¢° < -Qg’). The difference j(x,Q¢’ )-Q¢’,
a smooth increasing convex function of the absolute transaction volume |1, is the
transaction fee paid to an intermediary. This fee depends smoothly and negatively
on the agent’s solvency x” the wealthier the agent is, the easier it is for him to ope-
rate on the FX market. In aggregate one can also interpret x' in the above formula
as a measure of depth, or liquidity, of the corresponding financial market segment.
Thus, the deeper the market, the lower the transaction costs. Zero transaction costs
are impossible unless there is no trade at all: j(x,y) = 0 if and only if v = 0. For a
given j, the marginal transaction function is defined as v = 1/j, = h, in the forex as a
function of x and ¢ = j(x,y) (subscripts denote partial derivatives).

Transaction functions jand j on the D- and F-markets are defined similarly. The
marginal transaction functions will be shortened to vé= v9(x,¢9), v/ = vi(x,¢’). For
simplicity, | assume that the sole measure of liquidity is the same cash holding va-
lue x'= xX°+ QX i.e. the richer the agent is, the easier it is for him to trade on all
asset markets.?

Under the above notations, the state-transition equations take the form

dx° = Xdn® + XX — c9dt — j(x, Qe)dt — PYj(x, %) dft, (4a)
dx = Xdn + X'y — c'dt + idt — P(x,¢")dlt, (4b)
dx? = -xdn? + @dl, (4c)
dx' = -x'dn’ + ¢/dt (4d)

4) Unless one models an economy with currency substitution, it is not necessary to distinguish between
domestic and foreign cash holdings as the measure of the agents’ ability to transact.
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The household debt in either domestic or foreign liquidity is limited due to the
dependence of the period utility function on x° and x. | am assuming the period uti-
lity to be the function (xo,x’,cd,c’)|—> u(xo,x",c",c"), strictly increasing and concave
in each argument. Partial derivatives of u with respect to x° and x' in the negative
domain are decreasing quickly enough to penalize increasingly negative cash hol-
dings by the utility falling quickly to minus infinity (mimicking the cash in advance
constraint). In this way, | prohibit explosive negative positions in M and /. In the po-
sitive domain, concavity of u ensures a diminishing marginal utility of increased li-
quidity holdings. Dependence of u on the two consumption variables must satisfy
the usual Inada conditions.

The representative agent maximizes

E je‘ﬂ’u(x?,x{;cf,c{)dt : (5)
0
subject to the state-transition equation (4), the initial asset values given.

The solution of problem (4), (5) can be characterized by dynamic programming
methods. Beside that, traditional consumption and portfolio optimization problems
(see Merton, 1991) can be often analyzed by means of the “martingale” technique
(see Duffie, 1992). The problem discussed here contains the state process in the
utility function and, therefore, cannot be treated with the latter method. Instead, the
technique based on adjoint equations is used.

The Shadow Price Solution of the Individual Optimization Problem

The maximum principle for the problem (4), (5) can be formulated in terms of the
shadow price vector &, consisting of four shadow prices, &, &, &; and &; of asset
categories M, I, D and F. These are adjoint processes of the problem (continuous

time analogues of the Lagrange multipliers for the state-transition equations (4)). The
laws of motion of the shadow prices are

de, = §O(ﬁ dt - dn + |6 at + j, (x', Qoo+ P (x', (pd)dt)+ EPfdt-u dt,  (6a)
. . ; 12 ; i
de =£,Q(j, +P?j )t + ¢, (ﬁ dt - ot +|o'[ at+Qj, (x', Q0 lt +QP" /th)— udt,  (6b)
0 aY d dl?
dgdzgo((c — )l dt—ar )+ g, (ﬂdt—dnd +lo?] dtj, (6¢)
de,=¢ (o'- o) (T at-ay)+ g, (ﬁ dt+ dn' + \c’fdt), (6d)
and an appropriate transversality condition for & must be added to (6).

These adjoint equations apply to both domestic and foreign agents and are sym-
metric with respect to the country of residence, except for the national liquidity pre-
ferences u,, u, that need an obvious formal correction. This symmetry property
resolves Siegel’s paradox, as will be discussed in Subsection 3. 2.

First Order Conditions and Equilibrium Asset Prices

Optimal transactions in the forex, i.e. M/I-market, are described by the first order

condition of optimality &;— £,Qj, (X,Q¢) = 0. This leads to the following expression
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for the real exchange rate Q as the optimal reservation price (the inverse /-demand
function if ¢'> 0, and the inverse I-supply function if ¢'< 0) for a domestic investor in
the FX market:

I 0
Q=2 j,[x\0¢')= Elde’) 7)
0 So
The first order conditions for optimal transactions ¢ and ¢’ are analogous to (7):
Pe =S\l g), PY = v (x o) (8)
& &

In equilibrium, one can impose the market clearing conditions ¢9= @9= 0, ¢'= ¢’
= 0 as well as the FX market clearing: ¢'= 0. According to our assumptions, this
means v =v?=vf=1 for all d and f. The asset market equilibrium is characterized
by the following special case of (8):

o= ot b= ©

Conditions (9), derived here for the model with non-trivial liquidity constraints,
are related to the continuous-time CCAPM (see Duffie, 1992). Namely, (9) compri-
ses two “extended CCAPM’s”, one for domestic and the other for international secu-
rities. Tied together by (7), they render a generalized international CCAPM. Thanks
to the explicit laws of motion of the shadow prices, one can decompose the risk
premia that determine differences in asset returns. Next, (6), (7) and (9) will be used
to derive the equilibrium dynamic of the exchange rate in relation to the return rate
differential on liquid assets at home and abroad.

3.2 The Generalized Uncovered Asset Return Parity for the Expected
Exchange Rate

From now on, the real exchange rate Q is replaced by the nominal exchange rate
S. Understanding of all variables and equations shall be adjusted accordingly. This
replacement can be justified by our focus on international investors who do not care
about domestic inflation. From a purely technical point of view, going over from real
to nominal values of return rates and relative price changes leads only to changes
in the diffusion parameters. The latter will not be analyzed explicitly. For arbitrary
external supply in the forex (i.e. without the restriction v=1), (7) and (9) render the
following pricing equalities:

g bY e & LS

PSP PT Py

Rewriting (10) as £4,SP"= &, P% and applying 1t0’s lemma together with (6b), (6d),
one arrives at the Generalized Uncovered Total Return Parity formula

(10)

f 0
A P’ = P o +dS—dv+H PP Lt 11
P’ x' (11)

Here, h is shorthand for the term containing diffusion vector norms and scalar
products that are not analyzed in detail.

The left hand side of this equation is the total return rate (instantaneous yield)
dY?on asset d: the dividend/coupon rate relative to the current price, plus the rela-
tive capital gain/loss, minus the internal value loss/attrition rate. In the same way,
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the first three terms on the right hand side form the total return rate dY’ on asset f.
The last two terms, which | shall denote dA®, originate in transaction costs and risk-
adjustment. Collectively, these terms can be dubbed the disparity rate between as-
sets d and f. This name points at the fact that in the absence of dA“, (11) would
reduce to the standard uncovered total return parity condition on assets d and f.

Due to the disparity terms, the international CCAPM leading to (11) is able to
explain violations of the textbook uncovered parity. Analogous results obtained by
the martingale technique can be found in Zapatero (1995).

Equation (11) shall be interpreted in the following way. Fundamental information
on the currency value is contained in the price/return on the domestic asset. The
opportunity cost for the international investor of investing in domestic instruments
is given by the foreign asset return. Volatility of domestic fundamentals and their
correlation with the relevant foreign fundamentals is contained in variable h, which
is constant in the simplest cases.

As a theoretic check of the GUTRP formula, let us show that Siegel’s paradox
does not arise for assets D and F. Exactly speaking, if the d-f disparity A“ and the f-
d disparity A are defined by (11), then they satisfy the necessary symmetry/consi-
stency condition dA™ = -dA¥ — |pl? dt, so that the equalities

dy? =dY' +dS+dA\", dY' =dY? + a@ + dA®

hold simultaneously. (For a strictly positive 1t6 process x, | use the shorthand
dx = ﬁ_)

The trivial proof utilizes the shadow asset price method. The relation between
dY?and dY" was obtained from (10). The first equation in latter is the fundamental
asset pricing formula from the domestic investor perspective, whereas the second
equation corresponds to the foreign perspective. Now observe that from the inter-

1 1
national investor vantage point not only S becomes g, but also v becomes ;. In-

deed, the marginal transaction process v admits a symmetrical definition. It is the
derivative of the other country cash with respect to the own country cash involved

in the forex transaction: V =

It follows that (11) must be just as invariant under the change of perspective from
domestic to foreign as the equation from which it was derived, i.e. (10). This conclu-
des the proof. The disparity equation dA™ = -dA¥ — |p|2dt means that, differently from
the full asset pricing formulae (10) and (11), the perceived forward exchange rate
premium does not have to be symmetric. That is, even if there is no forward premi-
um for domestic investors buying foreign currency, there is a non-zero premium for
the foreign investors buying domestic currency. This is true as long as the exchan-
ge rate has a non-zero volatility p.

4. Empirical Evidence on the Asset Return Parity
for the Exchange Rate

4.1 Discrete Time Representation of the Generalized Uncovered Parity
As shown below, empirical properties of the total return parity exhibit a signifi-
cant improvement compared to the traditional UIP. However, to be able to fully ex-
ploit the advantages of the GUTRP concept, one must find the proper procedure of
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translating the abstract Itd calculus statements of the previous section into the lan-
guage of discrete time financial market data. The present subsection contains a
suggestion of how this can be done.

Derivation of the discrete time counterpart of the GUTRP equation (11) depends
on the properties of utility and transaction functions defined in 3.1. It is easiest to
work with homogenous utility and transaction functions. Then, conditions can be
formulated under which (11) takes a much simpler Uncovered Total Return Parity
form, namely

ay? =dY’ +dS + h°dt, (12)

where h° is a term containing scalar products of diffusion vectors. These conditions
are:

a) markets for the involved securities clear at any given moment without exter-
nal infusions or withdrawals;

b) the capital market segments where the domestic and the foreign assets are
traded are highly liquid at all times;

c) the used pair of instruments has the longest possible maturity.

Instruments with long maturities are desirable, because there is a distortion of
the asset pricing formulae in models with a finite horizon. (The model of Section 3
deals with infinite horizon problems. Further simplifications that will be considered
next also heavily rely on the absence of finite horizon effects.) The shadow prices
of assets in a finite T-horizon model may be decisively dependent on the expectati-
ons about the development at times after T. (This is an alternative way to see why
the poor predictive power of UIP based on short interest rates should not appear as
a surprise.) For these effects not to matter, T must be far enough from the present
moment. In that case, the after T-effects are sufficiently discounted.

Note the formal distinction between the current/instantaneous yield that appears
n (11) and (12), and the yield to maturity. This distinction disappears completely in
continuous time setting of Section 3. Accordingly, it is negligible in all examples with
high frequency (i.e. daily) data, and remains small for weekly and even monthly time
steps. Therefore, in the present paper | use the two yield notions interchangeably.

To derive a testable discrete time analogue of (12), one needs to define discrete
time analogue of the stochastic differential ds in practically computable terms. First
of all, we must fix an averaging algorithm to represent an ex post measure of the
expected value change of a highly volatile exchange rate time series. The transition
from continuous to discrete time measure of the exchange rate change also requi-
res pinning down an additional “free” parameter, which defines the amplitude of the
infinitesimal step of the random walk part of ds.® Therefore, the discrete time equa-
tion for testing the Variant A-UTRP will have the form (the “hat” symbol for any vari-

Yi = Vi

able y denotes its rate of change: Y, = 7}/ ):
t-1

Ye=Y'+aS +a,+e, (13)

with parameters a, and a, to estimate; ¢ is a zero-mean error term. One needs a
proper process to capture the time series properties of the residual terms €. The
latter cannot be expected to be independent. Indeed, standard discretization of a
continuous time semimartingale typically results in a series with ARMA properties.
Moreover, (11) suggests that statistical properties of the error term are heavily de-

5) An It6 process can be obtained as a limit of random walks with trend, if the step of the walk conver-
ges to zero. However, to define the convergence procedure completely, one needs to know the constant
ratio of the walk step and the time step sizes (the latter is also converging to zero).
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pendent on the model (GUTRP property itself is not). In general, GUTRP does not
provide sufficient information about the statistical properties of €. The latter needs
to be discovered either empirically or by making the model more specific with re-
gard to the market clearing mechanism.

The basic message of (13) is that the processes Y?— Y'and s = logS are positi-
vely correlated. This statement turns out to have solid empirical support. That is, (13)
renders an equilibrium appreciation or depreciation trend (corresponding to the drift
parameter of the exchange rate process in the continuous time model). As we shall
later see, most of the time the correlation with the yield differential is manifested in
one of the two alternative ways (to be further discussed in the next subsections):

A) for a time series of moving average exchange rate changes over a fixed inter-
val (e.g. 3 or 6 months),

B) for the time series of log-levels of the exchange rate itself over a fixed period,
usually several months long.

In general, smoothing over a number of months (in Variant A) works best for
mature forex markets outside the periods of major expectation revision, whereas
possibility B seems to be typical for “young” currencies or the “old” ones when opi-
nions are being newly formed.

4.2 Instruments and Data

As follows from condition c), the best instruments for the application of GUTRP
would be perpetuities, e.g. common stock double floated internationally as GDR.
Unfortunately, this approach would work poorly for most transitive economies, part-
ly for reasons related to conditions a) and b). For similar reasons, there could be a
problem of utilizing emerging market corporate bonds or eurobonds. Therefore, at
the moment, the domestic asset in the GUTRP equation is best represented by one
of the long-horizon government bonds. These bonds have small individual risk pre-
mium, and the liquidity of the corresponding market segment is highest among all
instruments with similar maturity and coupon regime, bringing them close to the
ideal state described by condition b).

Total Asset Return Parity for the CZK/EUR Rate

The longest maturity of Czech government bonds available since 1997 has been
5Y (see Figure 2 for the sample period July 1, 1997 — December 31, 1999), which
determined our first choice of the representative Czech instrument. Since the cur-
rency serving as the predominant “entry-exit” one for traders in Czech financial pro-
ducts is the DEM (EUR after January 1, 1999), the representative foreign instrument
must be the German government 5Y bond.

CZK counterparts of the 10Y government bonds from Germany and other euro
zone countries became available early in 1999. First, a 10-year bond in CZK was
issued by the European Investment Bank. This instrument was used in our analysis
of GUTRP until Spring 2000, when the first 10Y Czech government bond entered
the market. The high correlation, i.e. a common direction of change of the correspon-
ding yield differential with the nominal CZK/EUR exchange rate until April 2000 can
be seen in Figure 3 (Variant B-UTRP). This fact alone is a sizeable improvement
compared to the short rate differentials, where no co-movements could be found.®

6) A similar exercise carried out for 10Y US-government bond yields did not confirm a simple parity
relationship between CZK and USD. The probable reason is insufficient size of the market for direct CZK-
USD spot transactions.
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Close correlation of S and the yield differential predicted by GUTRP, except for

some short episodes of variable disparity, can be also found for the 5Y yield bonds,

on a longer sample between 1997 and 1999. Especially significant are co-move-

ments during the second half of 1997, i.e. the half-year immediately following the
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currency crisis. The Czech money market rates of that period were characterized by
a difficult recovery from the interventions and liquidity squeeze of May and June the
same year. At the same time, yields of long maturity bonds already signaled the
return to normality and even predicted the exchange rate movements correctly. As
Figure 2 indicates, qualitative incidence of the short-term shifts in the Czech-Ger-
man yield differential and the CZK/DEM nominal exchange rate is almost perfect.
That is, ups and downs of the former are almost always accompanied by the tilts of
the latter in the same direction (described above as Variant B). However, the mag-
nitude of these movements can vary considerably, so that the distance between the
two schedules indicates a slowly changing disparity term over time.

Quantitative estimates require smoothing of the exchange rate change series,
since the original process S volatility is very high. The smoothing procedure utilized
here is the following. We take the average slope of (i.e. regress on the time step
variable) the log-nominal CZK/DEM or CZK/EUR exchange rate curve, starting on
the current day and ending on the final day of the time interval over which avera-
ging is required. This moving slope value is the desired average future relative chan-
ge of the currency price. Here, we experiment with averaging over 3 month and 6
month intervals, for the CZK/EUR rate. The outcome for the period between Febru-
ary 26, 1999 and February 22, 2001 is shown in Figure 4. (For obvious reasons, the
said slope series break off 3 and 6 months earlier.)

Figure 4

The Czech-German 10 Years Bond Yield Differential and the 3M and 6M Log-nominal CZK/
EUR Exchange Rate Slope

2.5 5

e 'd jueo Jad
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Figure 4 suggests a strong positive correlation between the ER-change and the yield differen-
tial occurring between mid-1999 and the third quarter of 2000 (Variant A-UTRP) for both 3M and
6M ER-change series. The single apparent deviation appears in the 3M-series in Spring 2000 and
can be attributed to the massive intervention of the Czech National Bank against strengthening
CZK in April of that year. Even more importantly, the second half of 1999 witnessed the transition
of the CZK market from Variant B-parity to Variant A-parity. This fact may be a sign of maturity of
the corresponding market segment, since Variant A is most frequently observed for major world
currencies. According to this conjecture, the second half of 1999 might be the time when Czech
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government bonds and cash “joined the club” of regular internationally traded assets. Its behavior
has been even closer to Variant A-UTRP than that of the USD/EUR rate (see Figure 5).

Figure 5
USA-EMU 10 Years Government Bond Yield Diffferential and the 3M and 6M USD/EUR
Log-exchange Rate Slope
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The USD/EMU Exchange Rates

The UTRP property for the USD exchange rates of the EMU currencies is most
naturally analyzed with the help of the DEM/USD rate. Alternatively, it suffices to
analyze UTRP for the Austrian schilling (ATS), a currency that had been effectively
pegged to the DEM for many years preceding the introduction of the euro. Also the
benchmark Austrian government 10Y bond yields were closely tied to the German
ones in recent years. Arguably, conditions a) — ¢) of Subsection 1 are fulfilled for the
Austrian-U.S. 10Y bond pair quite satisfactorily. Due to the availability of high quali-
ty Austrian bond yield data, | choose the latter possibility.” Figure 6 displays the
corresponding sample of daily data between January 1, 1994 and February 22, 2001
together with the log-nominal ATS/USD exchange rate. First of all, one notices that
the correlation between the log-exchange rate /evel and the yield differential, i.e. the
Variant B-parity (see Figure 6a), cannot be expected to hold but for a number of
isolated periods. The most recent of them started in mid-2000 and ended in the first
weeks of 2001.

The ten year yield differential and the ex post smoothed 3M change in the ATS/
USD exchange rate are featured in Figure 6b (I used the same moving 3M log-ER
slope statistic as for the CZK/EUR rate). The immediate conclusion is the prevalen-
ce of a Variant A UTRP-conform behavior. However, the degree of disparity is diffe-
rent during different periods of UTRP-validity, interrupted by shorter episodes of the

7) The author would like to thank the Austrian National Bank, particularly the colleagues from the Fo-
reign Research Department, for their friendly help in providing the data.
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Figure 6

10 Years Government Bond Yield Differential between Austria and USA and the ATS/USD
Exchange Rate
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country premium revision. Sometimes, these episodes mean complete violation of

the uncovered parity in either Variant A or B (e.g. the second half of 1996). More
often, a breakdown of uncovered parity in the smoothed ER-change sense (Variant
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A) is offset by its validity in the log-ER level sense (Variant B, examples are the first
half of 1997 and the second half of 2000). A comprehensive theory explaining this
phenomenon would exceed the scope of the present paper. The first intuitive hypo-
thesis might be a difference in the typical holding times by international investors of
government bonds of a developed country at “no-surprises” times, and of the same
country at times of expectation-revision, when the bond holding times are shorter
and less regular. The deviation from Variant A-UTRP that became evident starting
in October 2000, may indicate the protruded period of micro-heterogeneity of forex
traders in the USD/EUR pair, be it for information or liquidity management reasons.

4. 3 Regression Analysis

In this subsection, | report on the outcome of elementary regression experiments
for the Variant A-UTRP (smoothed ER-change measures vs. the yield differential)
of CZK/EUR and USD/EUR rates. Additionally, an error-correction exercise for the
Variant B-UTRP (log-nominal ER vs. the yield differential) of the CZK/DEM rate is
described.

Variant A

Estimations were conducted on the 3M and 6M CZK/EUR rate changes vs. CZ-
EMU 10Y yield differentials data in the July 1, 1999 — September 6, 2000 sample,
when both visual inspection and formal correlation analysis indicated that the ex
post parity was valid. Ordinary least squares regressions were run both without
controlling for residual auto-correlation and for the ARMA(1,1) — residual assumpti-
on. (This is the most natural specification when 1t6 processes of the UTRP formula
(12) are discretized.) The results are reported in Table 1. As we see, the ARMA(1,1)
— specification for residuals reduces the significance degree of the exchange rate
slope terms, but improves other diagnostics dramatically, at the same time leaving
the constant term (standing for the country premium, or disparity) estimates in the
same range.

Table 1
Estimation Results of the Yield Differential on the Log-exchange Rate Slope Regressi-
on, the CZK/EUR Rate (t-statistics in parentheses)

Equation Constant ER Stand. R? F-stat. DW-stat. | AR(1) MA(1)
slope error

3M slope, 1.83 0.05 0.42 0.049 14.93 | 0.031

white noise | (69.65) (3.86)

residuals

6M slope, 1.98 0.11 0.38 0.21 7713 | 0.037

white noise | (64.28) (8.78)

residuals

3M slope, 1.67 0.024 0.073 0.97 3182.3 1.99 0.87 -0.03

ARMA(1,1) | (10.27) (0.86)

residuals

6M slope, 1.77 0.068 0.073 0.97 3200.1 1.99 0.97 -0.03

ARMA(1,1) | (10.78) (1.55)

residuals
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The same Variant A-UTRP for 3M and 6M USD/EUR rate changes vs. 10Y U.S.-
EMU vyield differential was tested on the sample January 4, 1999 — September 6,
2000. The results with and without the ARMA(1,1) — assumption for residuals are
summarized in Table 2.

Table 2
Estimation Results of the Yield Differential on the Log-exchange Rate Slope Regressi-
on, the USD/EUR Rate (t-statistics in parentheses)

Equation Constant ER Stand. R? F-stat. DW-stat. | AR(1) MA(1)
slope error

3M slope, 1.36 0.016 0.21 0.078 29.46 | 0.093

white noise | (76.60) (5.43)

residuals

6M slope, 1.32 0.11 0.16 0.45 288.48 | 0.157

white noise | (80.64) | (16.98)

residuals

3M slope, 1.13 0.008 0.063 0.92 1307.6 1.97 0.97 -0.23

ARMA(1,1) | (11.14) (0.85)

residuals

6M slope, 1.26 0.024 0.063 0.92 1319.0 1.97 0.96 -0.22

ARMA(1,1) | (13.12) (2.19)

residuals

Adding the ARMA(1,1) — specification for residuals, we get even better results
than in the CZK/EUR case as regards the significance of the exchange rate slope
coefficients, at the same time improving other diagnostics. Also in line with the CZK/
EUR case, the constant term estimates (the disparity) are close to the previously
obtained ones.

The above results present promising evidence in favor of the UTRP concept for
both studied exchange rates. We have not just established a significant correlation
of the yield differential with the ER-changes in the first group of regressions (witho-
ut the ARMA specification), but also confirmed the ARMA properties of residuals
predicted by the theory, in the second regression group. The outcome is particularly
reassuring when compared to the unsatisfactory results of all existing UIP-verifica-
tions conducted with the money market rates.

Variant B for the CZK/DEM Exchange Rate

Currencies and time periods for which the only tangible UTRP-evidence is in
Variant B-form require the use of regressions of a less straightforward form than the
Variant A case. The possibility to be exploited below is an error-correction equation
for the log-exchange rate and the yield differential series. This is done on the sam-
ple July 1, 1997 — December 30, 1999. Separate unit root tests for s = log S and yd
= Y?—Y"do not reject the (1) — hypothesis at 95% — significance level for either of
the series. Accordingly, | look for a long-term relationship between s and yd, parti-
cularly when the visual inspection (see Figure 2) suggests a co-movement of the
two series, up to a single outstanding episode. Note that if the initial date of s-me-
asurement is fixed arbitrarily within the tested time span, then its values at other
dates get into a one-to-one correspondence with s-differences relatively to the cho-
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sen starting point. This justifies the relevance of the co-integration of yd with s, and
not As, for the UTRP analysis. The equation to be estimated is

ASi= YAy + MSi— BY) + A+ & (14)

The term in parentheses stands for the long-term relation between changes in
s relative to a fixed initial date, and levels of y. Co-integration implied by (14) can be
roughly associated with “smoothed expectations” understanding of Variant B-UTRP.
That is, the error-correction equation provides another smoothing device for s-chan-
ges appearing in the GUTRP theorem.

Since the time series estimation issues associated with testing (14) are extensi-
ve and exceed the scope of the present paper, | provide only a few comments here.
The main conclusion is that for the time span between July 1997 and December
1999, there is a powerful quantitative empirical support for the Variant B-UTRP for
CZK/DEM and CZK/EUR rates for two identified sub-periods.

The important property of the sample featured in Figure 2 is a suspected break
point in the data between 10 and 20 February 1999. Both before and after this short
time interval, Variant B-parity of the CZK/DEM exchange rate with the 5Y Czech-
German yield differential holds satisfactorily even at the first glance. Only in mid-
February 1999 did the CZK depreciate against DEM much faster than would be jus-
tified by the yield difference. The break point conjecture was, indeed, validated by
the asymptotic Wald test of coefficient equality in (14), applied to the data split into
the parts before and after the week of 15-19 February 1999. Besides, separate es-
timation of the two sub-samples (including two runs for the 2" sub-period, one with
the 5Y and the other with the 10Y bond yields) confirmed the significance of coeffi-
cients in (14) and did not reject the independence of residuals.

The suddenly revised disparity for the CZK/DEM rate reflects an important struc-
tural change in the composition of traders on the CZK market. At the time, many
speculators abandoned the CZK positions, no longer attracted by the arbitrage
between the Czech and the eurozone interest rates that had existed previously.
Apparently, the reduced amount of speculation after that withdrawal has led to both
a general reduction in FX trade with the CZK and an activity ebbing on the Czech
bond market. This conjecture is sustained by the reduction in volatility in (14)
between the first and the second sub-period, expressed by a lower error variance.
Symptomatically, the error variance outcomes do not differ much for the 5Y and the
10Y yield differential data, therewith enhancing the verisimilitude of the activity-re-
duction explanation of the break point.

5. Conclusion

The paper studied the uncovered parity relation of the CZK/EUR exchange rate
with the Czech-EMU return rate differential. It has proposed a micro-foundation for
the uncovered exchange rate parity theorem for the total return differentials on re-
presentative national assets. The model should work best when applied to instru-
ments traded on a liquid and low-friction secondary market and equally available to
residents and non-residents. Since issuer-specific risk factors are to be minimized,
the best candidates are long maturity government bonds. Thus, the appropriate
assets for testing uncovered parity are different from the short maturity rates unsuc-
cessfully employed by the traditional uncovered interest rate parity analysis. The
theoretical result is stated as the Generalized Uncovered Total Return Parity formu-
la. The latter is free from the Jensen inequality-type inconsistencies characteristics
of the traditional UIP. Even its simplified form, the Uncovered Total Return Parity with
a constant country premium, expected to hold only on very low-friction markets, finds
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empirical support both for the CZK/EUR (CZK/DEM) and for the USD/EUR (USD/
DEM) exchange rate. The utilized instruments are Czech, German and U.S. 5 and
10 years government bonds.

The UTRP condition can be used to extract information on the prevailing market
sentiment regarding future movements of the exchange rate. Most of the time, in-
formation about the opinions of international investors on the expected appreciati-
on or depreciation is reflected in the currently valid difference of national returns.
This information includes the expectations about those fundamental variables, which
the investors consider relevant for their domestic currency demand. The fundamen-
tals influence the exchange rate formation through the secondary market yields of
traded instruments.

Since the generalized UTRP follows from the Euler equations of the underlying
optimization model, this property does not rule out multiple equilibria and bubbles
in asset prices, including the exchange rate. Nevertheless, it supplies valuable in-
formation about the properties of the equilibrium exchange rate. For instance, if the
disparity term has become non-stationary, this signals an advent of the impending
asset market turbulence. In the background might be either a reduction in liquidity,
or an external intervention affecting the volumes of traded instruments, or a sharp
change in the statistical properties of fundamental variables. At times preceding
pressures on the exchange rate correction, GUTRP may be able to indicate its dire-
ction and extent. This method has an advantage over other known methods of ex-
pectation-extraction from financial instruments in that it does not require the use of
the risk-neutral probability. It can, therefore, be applied to incomplete asset markets.
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