
Ab stract:

This pa per shows that the pub lic firms can be more in no va tive and, thus, more ef fi cient than the

pri vate firms. To ver ify this con clu sion, a mixed du op oly is con sid ered that al lows both the pub lic firm

and the pri vate firm to adopt a new tech nol ogy with a pos i tive fixed cost that re duces the mar ginal cost

of pro duc tion. The pri vate firm max i mizes prof its while the pub lic firm max i mizes the weighed sum of

the con sumer and pro ducer sur pluses. In this frame work, it is shown that if the cost of set ting up a new

tech nol ogy takes an in ter me di ate value when the weight of the con sumer sur plus in so cial wel fare is

high enough, the pub lic firm is more in no va tive than the pri vate one. More over, there is at least as

much in no va tion in a mixed du op oly as in a pri vate du op oly if the cost of setting up a new technology is

high enough.

Keywords: mixed du op oly, in no va tion

JEL Clas si fi ca tion: L13, L33.

1. Introduction

In the late 1980s there was a consensus in Western Europe in favour of a mixed economy

based on both both public and private firms. Governments created or purchased firms in

a variety of sectors of the economy (including manufacturing and the service sector) for

reasons that ranged from ideology to short-term strategic planning. As a result, the EU

governments own a significant percentage of the firms in different sectors of industry in

Europe (see Parker, 1998). The EU countries subsequently privatised some of their public

firms in the 1980s and 1990s. However, a large number of firms is still owned by European

governments. In this regard, although there is an empirical evidence indicating the greater

efficiency of private firms relative to comparable publicly owned firms (Mueller, 1989;

Vining and Boardman, 1992), there is also empirical evidence that differences in efficiency

can go either way (Martin and Parker, 1997; Willner, 2001). In fact, there are successful

examples of public ownership in Scandinavia (see Willner, 1998).
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Stem ming from the ev i dence cited above, this pa per anal y ses whether the pub lic

firms may be more ef fi cient than the pri vate firms or not. To that end, the pa per fo cuses

on the adop tion of in no va tions by both pri vate and pub lic firms. The mar ginal cost of

pro duc tion of firms de pends on their in no va tion level. Thus, a dif fer ent de gree of in no -

va tion be tween pri vate and pub lic firms is a fac tor that can help to ex plain whether or

not pub lic firms pro duce less ef fi ciency than pri vate firms.1 

The objective of this paper has been focussed on a patent race in a mixed duopoly. In

this respect, Delbono and Denicolo (1993) consider a patent race where only one of the

firms attains the innovation. They show that in a mixed duopoly each firm invests less

than in a private duopoly. Poyago-Theotoky (1998) extends the preceding analysis by

considering the case of easy imitation. In that case, the research results are easy for the

firm that does not own the relevant patent. It finds that when imitation is easy, in the

mixed duopoly the public firm invests more in R&D than the private firm. It also finds

that in the mixed duopoly the private firm reduces its R&D investment relative to the

private duopoly, while the public firm spends relatively more on R&D. 

In stead of a pat ent race, firms may in vest in set ting up a new pro duc tion plant which

is cer tain to re duce their man u fac tur ing unit costs. With re gard to this case, Nett (1994)

con sid ers a mixed du op oly where firms have the pos si bil ity of in vest ing in a new tech -

nol ogy with a fixed cost, which low ers the vari able cost of pro duc tion (i.e. firms are in -

volved in pro cess in no va tion). He as sumes that the pub lic firm is led by a bu reau crat

who wants to max i mize out put. How ever, if this bu reau crat is not able to re al ize at least

zero-prof its, he be haves as a profit-maximizer. He shows that pub lic firms pro duce at

a higher mar ginal cost than their pri vate ri vals since only the pri vate firms in no vate. Lin

and Ogawa (2005) ob tain a sim i lar re sult as sum ing that to adopt the in no va tion has no

costs. They show that if the mar ket share of the pri vate firms is suf fi ciently large only the

private firm innovates.

In this paper, it is applied an extended Nett’s (1994) model by considering a different

objective function for the public firm: the weighed sum of the consumer and producer

surpluses.2  The adoption of an innovation has a positive effect for firms. If the fixed cost 

of the innovation is ignored, when the private firm innovates, its profit increases due to

the reduction in the marginal cost of production caused by the innovation. Similarly, the

adoption of the innovation increases the consumer surplus and it can increase the

producer surplus; as a result, the weighed welfare rises. However, the fixed cost of the

innovation is a negative incentive to innovate. 

It is ar gued that when the fixed cost of the in no va tion is low enough both firms adopt

the new tech nol ogy since the pos i tive in cen tive to in no vate is stron ger than the neg a tive

one in both firms. When the fixed cost of the in no va tion is high enough the op po site re sult

is ob tained. In these two cases, the pub lic and pri vate firms are equally ef fi cient. For the

re main der of the fixed cost of the in no va tion only one firm in no vates. In this case, it is not

prof it able for both firms to in no vate be cause it in creases market competition too much.

1    There are other reasons why private firms may produce at a lower cost than public firms. For

example, the owner of a private firm may have better information than the public owner about the

true costs of the firm (Bös and Peters, 1995), and public firms may pay higher wages (De Fraja,

1993; Willner, 1999).

2     See, for example, Matsumura (1998) and Bárcena-Ruiz and Garzón (2005). 
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When the fixed cost of the in no va tion takes an in ter me di ate value and the weight of con -

sumer sur plus in so cial wel fare is great enough, only the pub lic firm in no vates. As a re sult,

the pub lic firm is more ef fi cient than the pri vate firm. In this case, the out put level of the pub -

lic firm is high enough. There fore, the pri vate firm is not in ter ested in adopt ing the new tech -

nol ogy since the com pe ti tion in the prod uct mar ket would be ex ces sively high, which would 

harm its prof its. When the fixed cost of the in no va tion takes an in ter me di ate value and the

weight of con sumer sur plus in so cial wel fare is low enough, only the pri vate firm in no vates,

mak ing it more ef fi cient than the pub lic firm. In this case, if the pub lic firm in no vates the pri -

vate firm does not in no vate, as the in crease in the out put of in dus try is high enough. 

In the case of a pri vate du op oly, if the fixed cost of the in no va tion is low enough,

both firms in no vate; if it is high enough nei ther firm in no vates. For in ter me di ate val ues

of the fixed cost of the in no va tion, the adop tion of the new tech nol ogy by a sin gle firm

in duces a greater profit for the firm that adopts the tech nol ogy, at the ex pense of the

other firm’s profit. Thus, the pos i tive ef fect off sets the neg a tive one in the firm that in no -

vates. As a re sult, only one firm adopts the cost-sav ing tech nol ogy. In this case there are

two equi lib ria since, given the sym me try of the model, ei ther of the firms can  innovate.3

Com par ing the mixed and pri vate du opo lies it is found out that there is at least as

much in no va tion in the pri vate du op oly as in the mixed du op oly if the fixed cost of the

in no va tion is low enough. In gen eral, there is at least as much in no va tion in the mixed

du op oly as in the pri vate du op oly if the fixed cost of the in no va tion is high enough.

The rest of the pa per is or gan ised as fol lows. Sec tion 2 pres ents the model. Sec tion 3

con sid ers a mixed du op oly. Sec tion 4 anal y ses a pri vate du op oly. Sec tion 5 com pares

the re sults for these two cases. Fi nally, con clu sions are drawn in Section 6.

2. The Model

A sin gle in dus try is con sid ered con sist ing of two firms that pro duce a ho mo ge neous good.

One firm is pub licly owned and the other firm is pri vate, and they are de noted, re spec tively,

by 0 and 1. Both firms have a con stant mar ginal cost of pro duc tion c. These firms can adopt a 

new tech nol ogy, with a fixed cost F, which re duces the mar ginal cost of pro duc tion. With no

loss of gen er al ity the mar ginal cost of pro duc tion of the new tech nol ogy is nor mal ized to

zero. In verse de mand func tion is as sumed to be linear and is given by: 

p = a – q
0 – q

1
, a > 6c,4 (1)

where p is the price for the good and qi is the amount of the good pro duced by firm i. The

profit of firm i is given by:

pi = (a – qi – qj– ci) qi – Fi, i ¹ j; i, j = 0, 1, (2)

where ci Î {0, c} and Fi Î {0, F}.
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3 This result is also obtained by Bester and Petrakis (1993). 

4     It is assumed that the size of the market is not low enough (a>6c) to reduce the number of possible

cases that arise in the paper. This assumption does not affect the main results of the paper and

permits us to simplify the exposition of the results.
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The private firm chooses the output level, q1, that maximizes its profit given by (2)

for i = 1 and j = 0. The objective function of the public firm is the weighed sum of the

consumer and producer surpluses. Consumer and producer surpluses, respectively, are

given by CS = 
1

2
0 1

2( )q q+  and PS = p0 + p1. The weigted welfare is given by: 

W = a CS + PS, aL<a<aH, (3)

where aL = 
2c

a
   and aH  = 

a c

a c

-

-

2
 . The as sump tion aL<a<aH en sures that the two firms

pro duce a pos i tive out put: a>aL en sures that the pub lic firm pro duces a pos i tive out put

level when only the pri vate firm in no vates; a<aH en sures that the pri vate firm pro duces

a pos i tive out put level when only the pub lic firm innovates. 

It is possible to propose a two-stage game with the following timing. In the first stage,

firms decide whether to innovate or not. In the second stage, firms decide their output

level. Therefore there are four cases: both firms innovate (YY), neither firm innovates

(NN), only the public firm innovates (YN) and only the private firm innovates (NY). I solve 

the game by backward induction to obtain a subgame perfect Nash equilibrium. 

I shall solve the game con sid er ing first that mar ket struc ture is a mixed du op oly.

Next I shall con sider a pri vate du op oly to ana lyse whether there is more in no va tion or

not in a mixed du op oly than in a pri vate duopoly. 

3. Mixed Du op oly 

I solve first the second stage of the game in which firms simultaneously decide their

output levels. Private firm 1 chooses the output level, q
1
, that maximizes its profit and

public firm 0 chooses the output level, q
0
, that maximizes weighed welfare. Solving

these problems I obtain: 

q
a c c

1
0 11 2

2
=

- + - -

-

( ) ( )a a

a
, q

a c c
0

0 12 2

2
=

- + -
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CS
a c

=
-

-

( )

( )

0

2

22 2 a
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a c c a c
a c c c F F=

+ - -

-
+ - - - -

( )( )

( )
( )( )

2 3

2 2

1 0 0
1 0 1 0 1

a
.

When both firms in no vate, I ob tain (4) for c1=c0=0 and F1=F0=F. When nei ther firm

in no vates, I ob tain (4) for c1=c0=c and F1=F0=0. When only the pub lic firm in no vates
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I ob tain (4) for c1= c, c0= 0, F1= 0, and F0= F. Fi nally, when only the pri vate firm in no -

vates I ob tain (4) for c1= 0, c0= c, F1= F, and F0= 0. 

Solv ing the first stage of the game, the fol low ing re sult is ob tained. Zone I groups the 

val ues of pa ram e ters, such that F£min{FW1, Fp1}. Zone II is formed by the val ues of pa -

ram e ters, such that F³max{FW2, Fp2}. Zone III groups the val ues of pa ram e ters, such

that Fp1³F>FW1 or if max{FW2, Fp1}<F<Fp2. Zone IV groups the val ues of pa ram e ters,

such that min{FW2, Fp2}³F>max{FW1, Fp1}. Fi nally, zone V groups the val ues of pa ram e -

ters, such that FW1³F>Fp1or if FW2>F>min{ FW1, Fp2}. The val ues of Fpi and FWi (i=1, 2)

are relegated to Appendix 1.

Prop o si tion 1. In the mixed du op oly, both firms in no vate in zone I. Nei ther firm in -

no vates in zone II. For the re main der of the val ues of pa ram e ter F only one firm in no -

vates. Only the pri vate firm in no vates in zone III. There are two equi lib ria in zone IV: in

one of them it is the pub lic firm that in no vates and in the other it is the pri vate firm. Fi -

nally, in zone V, only the pub lic firm in no vates.
 

Proof. See Ap pen dix 1.

The re sult shown in Prop o si tion 1 is il lus trated in Fig ure 1. This prop o si tion shows

that, in equi lib rium, the pub lic firm can in no vate more than, the same ex tent as or less

than the private firm. 

Figure 1
Illustration of Proposition 1

If the adop tion of the new tech nol ogy does not re quire any in vest ment F, then  pYY > pYN

and p
NY > p

NN . There fore, the pri vate firm will al ways in no vate in de pend ently of

whether the pub lic firm in no vates or not. The adop tion of the in no va tion re duces the

mar ginal cost of pro duc tion of the pri vate firm, which in creases its prof its. On the other

hand,  WYY > WNY and WYN > WNN, which means that the pub lic firm in no vates in de pend -

ently of whether the pri vate firm in no vates or not. When the pub lic firm in no vates the

con sumer sur plus rises: CSYY>CSNY and CSYN> CSNN. More over, PSYY>PSNY if and only

if  a > 
c( )

( )

3 2

1

-

-

a

a a
 and PSYN>PSNN. There fore, if the pri vate firm does not in no vate the pub -
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lic firm in no vates since both the con sumer and pro ducer sur pluses in crease. If the pri -

vate firm adopts the new tech nol ogy, the pub lic firm in no vates since the in crease in the

con sumer sur plus off sets the pos si ble de crease in the pro ducer sur plus. There fore, if the

adop tion of the new tech nol ogy does not re quire any in vest ment, both the pub lic firm

and the pri vate firm have a pos i tive in cen tive to in no vate. By con trast, the fixed cost F is

a negative incentive to innovate. 

When the fixed cost of the in no va tion, F, is low enough (Zone I) both firms adopt the

new tech nol ogy. Given that F is low enough, the pos i tive in cen tive to in no vate is stron -

ger than the neg a tive one in both firms. When F is high enough (Zone II) nei ther firm

adopts the new tech nol ogy. In this case, the neg a tive in cen tive to in no vate is stron ger

than the pos i tive one in both firms. In these two cases the two firms are equally efficient.

For the re main der of the val ues of F (Zones III, IV and V) only one firm in no vates. It

is not prof it able for both firms to in no vate be cause it in creases mar ket com pe ti tion ex -

ces sively, which would neg a tively af fect both the profit of the pri vate firm and the pro -

ducer sur plus. In this case, the firm that in no vates has a lower mar ginal cost of pro duc -

tion than the other one and is thus more efficient. 

When F takes an in ter me di ate value and a is high enough (Zone V), only the pub lic firm

in no vates (see Fig ure 1). In this case, as a is high enough the weight of the con sumer sur plus 

in the ob jec tive func tion of the pub lic firm is also high enough. As the out put of the pub lic

firm in creases with a it is high enough in this zone. There fore, if the pub lic firm in no vates

the pri vate firm does not adopt the new tech nol ogy since the com pe ti tion in the prod uct mar -

ket would be ex ces sively high, which would harm its prof its. As a re sult, this firm finds it

un prof it able to pay the cost of the in no va tion. If the pri vate firm does not in no vate, the pub -

lic firm adopts the new tech nol ogy to in crease mar ket com pe ti tion. 

When F takes an in ter me di ate value and a is low enough (Zone III), only the pri vate firm 

in no vates (see Fig ure 1). In this case, as a is low enough the weight of the con sumer sur plus

in the ob jec tive func tion of the pub lic firm is also low enough. If the pri vate firm in no vates it

in creases the out put of in dus try and, thus, the con sumer sur plus. As mar ket com pe ti tion is

great enough the pub lic firm does not in no vate. If the pub lic firm does not in no vate, the pri -

vate firm adopts the new tech nol ogy to gain greater mar ket share and prof its.

Fi nally, when both F and a take an in ter me di ate value (Zone IV), there are two asym met ric 

equi lib ria. In one of them the pub lic firm in no vates, and in the other the pri vate firm does so. 

In or der to ana lyse whether there is more in no va tion in a mixed du op oly than in a pri -

vate du op oly I con sider that both firms are pri vately owned. 

4. Pri vate Du op oly

I solve first the second stage of the game in which firms simultaneously decide their

output level. Private firm i chooses the output level, qi, that maximizes its profit (i=1, 2).

Solving these problems I obtain: 

q
a c c

i

i j
=

- +2

3
, pi

i j

i

a c c
F=

- +
-

( )2

9

2

 , i¹j; i, j = 0, 1. (5)
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When both firms in no vate, I ob tain (5) for ci= 0 and Fi= F, i = 0, 1. When nei ther firm

in no vates, I ob tain (5) for ci= c and Fi= F, i = 0, 1. When only firm i in no vates I ob tain (5)

for cj=c, ci=0, Fj=0 and Fi=F, i¹j; i, j = 0, 1. 

Solv ing the first stage of the game we ob tain that p
YY> p

YN  if and only if F<FP1 and

p
NY> p

NN> if and only if F<FP2, where F
c a c

P 1

4

9
=

-( )
, F

ac
P 2

4

9
= , FP2 > FP1. There fore,

the fol low ing re sult is ob tained.

Lemma 1. In the pri vate du op oly, if F ³ FP2 nei ther firm in no vates, if FP2>F>FP1

only one firm adopts the new tech nol ogy and, fi nally, if F£FP1 both firms in no vate. 

If the adoption of the innovation does not require any fixed cost F to be paid, then

p
Yk> pNk (k = Y, N), which reflects a positive incentive to innovate since the profit of a

given firm is greater if it innovates independently of the decision taken by its rival.

However, if the adoption of the new technology requires an investment, different values

of parameter F will produce different results in equilibrium. If F is low enough (F £ FP1), 

both firms innovate since the positive incentive to innovate is stronger than the negative

one (the fixed cost F) in both firms. If F is high enough (F ³ FP2), the opposed result is

obtained. For intermediate values of F (FP2 > F > FP1), the adoption of the new

technology by a single firm induces a greater profit (without considering the fixed

cost F) for the firm that adopts this technology, at the expense of the other firm’s profit.

Thus, the positive effect offsets the negative one in the firm that adopts a new

technology. As a result, only one firm adopts the cost-saving technology. In this case,

there are two equilibria since, given the symmetry of the model, either of the firms can

innovate. It has to be noted that, as both firms are private, the result obtained in lemma 1

does not depend on parameter a.

5. Com par i son of Re sults

In this sec tion I com pare the re sults ob tained in the mixed and pri vate du opo lies. From

Prop o si tion 1 and Lemma 1 the fol low ing re sult is ob tained. Let a**=
3

4
13 157

c
( )+ ,

a*=
c

4
23 469( )+ , where a**>a*. 

Prop o si tion 2. If F<FP1 there is at least as much in no va tion in the pri vate du op oly as 

in the mixed du op oly. If F³FP1 there is at least as much in no va tion in the mixed du op oly

as in the pri vate du op oly with the ex cep tion of the case FP1<F<min{FW1, Fp1} when

a>a*; in this last case there is more in no va tion in the private duopoly. 

Proof. See Ap pen dix 2.

The re sult shown in prop o si tion 2 is il lus trated in Fig ure 2 for the case a > a**. In

Fig ure 2, su per script M de notes the mixed du op oly and su per script P de notes the pri vate 

du op oly. To ex plain this re sult, it has to be noted that the sym me try of the model means

that in the pri vate du op oly nei ther firm has an ad van tage over the other. How ever, in the

mixed du op oly there is an asym me try that can give one firm an ad van tage over the other. 

If pa ram e ter a is low (high) enough, the weight of the con sumer sur plus in the weighed

wel fare is low (high) enough and, thus, the out put level of the pub lic firm is also low
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(high) enough which gives an ad van tage (a dis ad van tage) to the pri vate firm. This

means that the firm that has an ad van tage (a dis ad van tage) in the mixed du op oly in no -

vates for a higher (lower) value of F in the mixed duopoly than in the private duopoly. 

Figure 2
Illustration of Proposition 2

If min {FW1,  Fp1 }  £  F  <  FP1, there is more in no va tion in the pri vate du op oly (see

Fig ure 2). In this zone, both firms in no vate in the pri vate du op oly but only one firm in -

no vates in the mixed du op oly. As shown in Lemma 1, both firms in no vate in the pri vate

du op oly if F is low enough (F < FP1). In the mixed du op oly, there is greater mar ket com -

pe ti tion than in the pri vate du op oly since the ob jec tive func tion of the pub lic firm takes

into ac count the con sumer sur plus (and, thus, the to tal out put of in dus try). As a re sult,

only one firm innovates in this zone. 

If FP2<F£max{FW2, Fp2} with the ex cep tion of the case FP1< F < min{FW1, Fp1} when

a>a**, there is more in no va tion in a mixed du op oly than in a pri vate one (see Fig ure 2).

In this zone, nei ther firm in no vates in the pri vate du op oly since F is high enough. How -

ever, in this zone one firm in no vates in the mixed du op oly. The firm that has an ad van -

tage in no vates for higher val ues of pa ram e ter F in the mixed du op oly than in the private

duopoly.

De pend ing on the pa ram e ters of the model (see Ap pen dix 2), there are two ad di -

tional cases. If the size of the mar ket is such that a** > a > a* when FP1< F £ min

{FW1, Fp1}, both firms in no vate in the pri vate du op oly and only one firm in no vates in the

mixed one. If a > a** when FP1< F £ min{FW1, Fp1}, both firms in no vate in the pri vate

du op oly and nei ther firm in no vates in the mixed duopoly. 
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 There is more innovation in the mixed duopoly than in the private duopoly. 

There is more innovation in the private duopoly than in the mixed duopoly. 
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6. Con clu sions

This paper analyses whether or not public firms innovate more than private firms. It is

considered that firms may invest in a new technology with a fixed cost, which lowers the 

variable cost of production. The objective function of the public firm is the weighed sum 

of the consumer and producer surpluses. It is obtained that when the fixed cost of the

innovation takes an intermediate value and the weight of consumer surplus in social

welfare is great enough, only the public firm innovates. In this case, the public firm is

more efficient than the private firm. However, when the fixed cost of the innovation

takes an intermediate value and the weight of consumer surplus in social welfare is low

enough, only the private firm innovates. In this case, the private firm is more efficient

than the public firm.

In the case of a pri vate du op oly, for in ter me di ate val ues of the fixed cost of the in no -

va tion, only one firm adopts the cost-sav ing tech nol ogy. In this case there are two equi -

lib ria since, given the sym me try of the model, ei ther of the firms can innovate.

Com par ing the mixed and pri vate du opo lies it is ob tained that there is at least as

much in no va tion in the pri vate du op oly as in the mixed du op oly if the fixed cost of the

in no va tion is low enough. In gen eral, there is at least as much in no va tion in the mixed

du op oly as in the pri vate du op oly if the fixed cost of the in no va tion is high enough.
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Ap pen dix 1

From (4), the fol low ing re sults are ob tained:

i)   p
YY > p

YN if and only if F < F
p1 and p

NY
 > p

NN if and only if F < Fp2 ,  Fp1 <Fp2 ,  where F
p1= 

c a c( ( ) ( ))2 1 2

2

- - -

-

a a

a
 and Fp2 =

c a c( ( ) )2 1

2

- +

-

a a

a
. 

ii)  WYY>WNY if and only if F<FW1 and WYN>WNN if and only if F<FW2, FW1<FW2, where 

FW1 = 
c a c( )

( )

2 3

2 2

a

a

-

-
 and F

c a c
W 2

2 3 2

2 2
=

+ -

-

( ( ))

( )

a a

a
 .

Tak ing into ac count (i) and (ii), the re sult shown in Prop o si tion 1 is ob tained, as il lus -

trated in Fig ure 1. In or der to plot Fig ure 1, it is nec es sary to show that Fpi de creases with

a, while FWi in creases with a:

¶

¶a

p
F 1  = -

-

2

2 2

ac

( )a
 < 0,   

¶

¶a a

p
F c a c2

2

2

2
= -

-

-

( )

( )
 < 0, 

¶

¶a a

F c a cW 1

2

4 3

2 2
=

-

-

( )

( )
 > 0, 

¶

¶a a

F c a cW 2

2

4

2 2
=

-

-

( )

( )
  > 0.
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On the other hand, it can be shown that FW 1>F
p1 if and only if a>a

1
, FW 1>F

p2 if and only

if a >a2, FW2 >Fp1 if and only if a>a3, FW2 >Fp2 if and only if a>a4; aH>a2>a1>a4

>a3>aL, where a a a1 2 3

4

2 3

4 3

2 3

4 7

2 3 2
=

-

-
=

+

-
=

-

-

a c

a c

a c

a c

a c

a c( )
,

( )
,

( )
,  and  a 4

4 3

2 3 2
=

-

-

a c

a c( )
.

Ap pen dix 2

In or der to prove Prop o si tion 2 it is nec es sary to check the fol low ing.

When a = aL: Fp1>FP2>FP1>FW2.

i) Fp1 – FP2  = 
c a ac c

a c

( )

( )

5 23 9

9

2 2
- +

-
  > 0 since a>6c. 

ii) It is shown in Ap pen dix 1 that FP2 >FP1. 

iii) FP1 – FW2 = 
c a ac c

a c

( )

( )

16 95 52

36

2 2
- +

-
 > 0 since a>6c. 

When a = aH: FW1>FP2>max{FP1, Fp2}.

i) FW1 – FP2 = 
c a ac c

a

( )10 63 27

18

2 2
- +

 > 0 since a>6c. 

ii) FP2 – Fp2 = 
( )( )a c a c

a

- -6 4 3

9
 > 0 since a>6c. 

iii) FP1 – Fp2 = 
c a ac c

a

( )4 31 18

9

2 2
- +

 > 0 if and only if a  > 
c

8
31 673( )+ .

When a = a3: FW2  =  Fp1>FP2. 

i) Fp2 – FP2 =
c a ac c

a c

( )

( )

4 38 27

9 8 5

2 2
+ -

-
 > 0.

When a  = a1: FW1=Fp1>FP2 if and only if a > a**; FW1 = Fp1 > FP1 if and only if a > a*,

where a**>a*.

 i) FW1 – FP2= 
c a ac c

a c

( )

( )

4 78 27

9 8 3

2 2
- +

-
 > 0 if and only if a > a** = 

3

4
13 157

c
( ).+

ii) FW21 – FP1= 
c a ac c

a c

( )

( )

4 46 15

9 8 3

2 2
- +

-
 > 0 if and only if a > a* = 

c

4
23 469( )+ .

From these re sults, the re sult shown in Prop o si tion 2 is ob tained, as il lus trated in

Fig ure 2 for the case a > a**.
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